Abstract: We present a method to engineer the frequency splitting of polarization eigenmodes in fiber Fabry-Perot (FFP) cavities. Using specific pattern of multiple CO 2 laser pulses, we machine paraboloidal micromirrors with controlled elliptical shape in a large range of radii of curvature. This method is versatile and can be used to produce cavities with maximized or near-zero polarization mode splitting. In addition, we realize dual-wavelength FFP cavities with finesse exceeding 40 000 at 780 nm and at 1559 nm in the telecom range. We provide direct evidence that the birefringent frequency splitting in FFP cavities is governed only by the geometrical shape of the mirrors, and that the astigmatism of the cavity modes needs to be taken into account for specific cavities. 
Introduction
Since their first realization [1, 2] , high-finesse Fiber Fabry-Perot (FFP) cavities with laser-machined mirrors have rapidly spread and are now routinely used in many experiments, enabling miniature setups with stable, enhanced coupling between light and different material systems. They have been combined with atomic systems (cold atoms [1, [3] [4] [5] , ions [6, 7] , or molecules [8] ), quantum dots and quantum wells [9, 10] , nitrogen vacancy centers [11, 12] , carbon nanotubes [13, 14] , as well as opto-mechanical devices [15] [16] [17] . Similar laser-machined mirrors on free-space substrates [18] are also being used successfully with solid-state emitters. To progress on the development of these miniature light-matter interfaces, efforts have been devoted to improving the production of the laser-machined fiber micromirrors [19] [20] [21] [22] . The shape carved into the fiber end-facets and its surface quality are crucial parameters for the cavity mode volume and for the finesse of the resonator, determining the strength of the light-matter coupling. Another property that needs to be fully controlled is the polarization of the cavity modes. Cavity birefringence is an important factor not only for cavity quantum electrodynamics (CQED), but indeed for most applications of high-finesse cavities, ranging from precision spectroscopy to gravitational wave detection and measurement of vacuum magnetic birefringence [23, 24] . It has been shown in [4] that the birefringence of FFP cavities is mainly due to the geometrical asymmetry of the shape of the mirrors. This effect is particularly important for FFP cavities because the radii of curvature of the fiber mirrors are much smaller than of typical macroscopic ones, and because the control of the production of the mirrors is challenging due to the non-linearity of the CO 2 laser ablation process.
Depending on the application, this birefringence can be a problem or an advantage. Polarizationdegenerate cavities can be used to address closed atomic transitions and to implement photonic polarization qubits [25, 26] . To realize FFP cavities with very low birefringence, one method is to use imperfectly shaped fiber mirrors and compensate the birefringence of each mirror by rotating one fiber with respect to the other [4] . Another technique is to produce micromirrors with a high-degree of rotational symmetry by rotating the fiber during the ablation process [27] .
However, the frequency splitting of eigenmodes can also be used as a resource. For example, if one polarization mode of the cavity is closely resonant to the transition of an emitter, a large splitting detunes the second, orthogonally polarizated mode far away from this transition, minimizing its detrimental role [28, 29] as an extra decay channel. It also enables the use of the cavity as a polarization filter, and makes it possible to prepare an intracavity field with well-defined polarization by appropriately tuning the cavity. Such a controlled splitting could even be used to address two different transitions of an optical emitter with the two splitted polarization eigenmodes.
FFP cavities with large birefringent frequency splitting can only be obtained by producing fiber mirrors with strongly asymmetrical profiles. Recently, we introduced a new method of machining fibers based on a laser ablation approach using spatial pattern of multiple pulses [22] . It has allowed us to realize FFP cavities with millimeter length scale. In this article, we leverage this method to produce strongly elliptic paraboloidal fiber mirrors, and measure a large birefringent splitting. To compare different production methods, we introduce the "geometrical birefringence" of a cavity, which is a parameter independent of the wavelength of the light and of the finesse of the resonator. We determine theoretically the orientation of the polarization eigenaxes of the resonator for a non-degenerate cavity. We also produce fiber mirrors with a very low asymmetry, ideally suited for cavity with low birefringence, by compensating the imperfection of the standard single pulse laser ablation. This method, which does not require rotating the fiber, is therefore applicable to any substrate. In addition, we report in detail the operation of a FFP cavity working at the two wavelengths of 1559 nm and 780 nm with finesse exceeding 40 000. We measure the variation of the finesse with the cavity length for both wavelengths and show the effect of the asymmetry of the cavity mode. We also measure the birefringent frequency splitting of the cavity for the two wavelengths and provide direct evidence that this splitting is governed by its geometrical birefringence for a given finesse and wavelength.
Birefringence of FFP cavities

Geometrical birefringence of a cavity
In high-finesse cavities, and especially in FFP cavities, a frequency splitting is usually observed between the two polarization eigenmodes of a given transverse and longitudinal cavity mode. In a cavity with isotropic mirror coatings, the birefringent frequency splitting stems from the rotational asymmetry of the mirror. Indeed, for light of wavelength λ, the birefringent dephasing φ m between the two polarization modes due to a single reflection on an elliptic paraboloidal mirror is given by [4] :
In this expression, we define the parameter δ m as the geometrical birefringence of the mirror. It only depends on the long radius of curvature (ROC) R a and on the short one R b along the eigenaxes of the mirror. It represents the intrinsic effect of the mirror shape and can be controlled by the relative difference γ of the ROCs, which is equal to the excentricity squared of the elliptical cross-section of the mirror parallel to the fiber endfacet. As φ m depends on the ratio λ/R b , controlling the birefringent dephasing becomes harder for small ROCs or large wavelengths. These equations are not limited to optical mirrors but apply to any mirrors in the full electromagnetic spectrum.
In the following, we consider two birefringent mirrors M 1 and M 2 with isotropic coatings and geometrical birefringences given respectively by δ 1 and δ 2 . By convention, the fast axis of M 1 is taken along the vertical direction and the fast axis of M 2 is rotated by an angle θ with respect to the one of M 1 (see Fig. 1(a) ). When the mirrors are birefringent, the polarization eigenmodes inside the cavity can be calculated via the Jones matrix formalism [30] . As the ROCs in usual FFP cavities are much larger than the wavelengths, birefringent dephasing is small: φ m 1. In the small phase approximation, the polarization eigenmodes in the cavity are linear and the ratio of the birefringent frequency splitting ∆ν to the resonator linewidth κ (defined as Half Width Half Maximum in frequency) can be expressed as :
where F is the finesse of the cavity and where we define the geometrical birefringence of the cavity, ∆ c . The latter depends only on the shape of the two mirrors via δ 1 and δ 2 , and on their relative orientation θ. ∆ c results only from the geometrical properties of the cavity while the resonant wavelength λ and the finesse F featuring in depend only on the properties of the dielectric coating. For applications where a given birefringence frequency splitting is needed, it can be adjusted by the angle θ between the two fast axes of the birefringent mirrors in the range |δ 1 − δ 2 | < ∆ c (θ) < δ 1 + δ 2 . A perfect degenerate-mode cavity can only be obtained with mirrors that have exactly the same geometrical birefringence. However, variations in the shape productions lead to non-perfect cancellations of the cavity geometrical birefringence. A reliable solution to approach degeneracy is to use mirrors that have an excellent rotational symmetry and inherently a very low geometric birefringence. On the contrary, if a specific non-zero splitting is targeted, the best solution is to produce mirrors with approximately the same geometrical birefringence, slightly above one half of the targeted cavity one. The cavity birefringence will then be easily adjusted by a small rotation of one mirror remaining close to θ = 0 and thus being less sensitive to angle adjustment errors. If a precise absolute frequency splitting ∆ν is needed, the wavelength and the length L of the cavity must be taken into account to design the geometrical birefringence of the cavity according to the relation
where c is the speed of light.
Polarization of the cavity mode for birefringent cavities
In an experiment with a non-degenerate cavity, the orientation of the polarization eigenmodes with respect to the complete apparatus can be of crucial importance. For example in atomic systems, it is required to achieve precise polarization dependent transitions for optical pumping. If we consider the same setting as previously with two birefringent mirrors M 1 and M 2 with isotropic coatings and geometrical birefringence δ 1 and δ 2 , then the fast eigenmode of the cavity (i.e. the highest frequency mode) will have an angle Ψ (θ) relative to the fast axis of M 1 given by:
The value of the angle Ψ depends only on the ratio of the geometrical birefringence of the mirrors
and on the angle θ between the fast axes of the two mirrors. The evolution of the angle of the polarization eigenmode basis is shown on Fig. 1(b) . If the geometrical birefringence of one mirror is much larger than of the other one
1 , then the eigenmode basis is aligned with the fast axis of the strongest birefringent mirror. When both are equal δ 2 = δ 1 , the fast eigenmode is on the bisector of the fast axes of the two mirrors.
Spatial distribution of astigmatic cavity modes
For applications where a maximal frequency splitting between the polarization eigenmodes is required, mirrors with strong geometrical birefringence are needed and the two fast axes have to be close to parallel. This implies to produce mirrors with very different radii along the two eigenaxes, noted x and y, which are then highly astigmatic. This affects the spatial distribution of the cavity mode. For the simple case of two identical mirrors with ROCs R x and R y and with parallel fast axes, the waists are located in the center of the cavity for both axes, but have a different value w 0, x and w 0,y for each one. The mode is then elliptical and the ratio of the waists for a cavity length L is given by
. If the length of the cavity L is not too close to twice the smallest ROC, this ratio scales slowly with L and stays roughly close to one. We are then close to the case of a circular cavity formed by two identical mirrors with a ROC corresponding to the average of R x and R y (see Fig. 2 ).
If instead a degenerate-mode cavity is targeted, a crossed configuration where the two fast axes of each mirror are orthogonal will minimize the cavity birefringence by compensating the geometrical one of each mirror. For two identical mirrors, the waists have the same value for both directions but their positions for each direction lie on opposite sides of the cavity center at a distance given by L 2
. When the resonator length tends toward the smallest ROC, the cavity gets closer to the limit of the stability region. The waists for each direction lie on the two opposite mirrors (on the mirror having the largest ROC along this direction) and the mode size on the facing mirror starts to diverge (see Fig. 2 ). This induces clipping losses that limit the finesse.
In the configuration where the fast axes of the two mirrors are neither parallel nor orthogonal, the cavity is twisted, featuring general astigmatism with a rotating elliptic intensity distribution along the resonator axis [31] [32] [33] .
Beyond polarization control, our ability to produce mirrors with no rotational symmetry can be leveraged to tailor the spatial shape of cavity modes, for example to compensate the astigmatism of some ring cavity types. 
Versatile CO 2 laser dot machining of FFP cavity micromirrors
CO 2 laser dot machining
We have recently developed a CO 2 laser ablation setup, described in detail in [22] , where the position of the fiber (or substrate) is controlled in all directions by a combination of state-of-the-art translation stages. This setup features several substantial improvements such as the automation of fiber alignment, in-situ phase-shifting profilometry and fast modification of the laser ablation beam diameter. Most importantly, it gives us the ability to carve structures into the fiber endfacets by using multiple laser pulses ("shots") precisely positioned relative to the fiber core center and with adjustable pulse lengths. This has allowed us to produce large circular fiber mirrors with large ROC, mandatory to realize FFP cavities longer than a millimeter [22] .
Moreover, this technique extends the range of realizable surface structures well beyond the circular symmetry while preserving the very low surface roughness required to sustain high finesse cavity modes and obtained thanks to surface tension smoothing [20] . The relative precision of the transverse motion of the substrate by the translation stages is below 100 nm, thus offering unprecedented control over the shape of the carved structure via the choice of an adequate geometry of the shot pattern. In this article, we focus on the control of the elliptic shape of mirrors (and thus on the control of their birefringence) by using concentric elliptical shot patterns as shown on Fig. 3(a) .
As the laser ablation is a highly non-linear process, finding a suitable shot pattern to produce elliptic paraboloidal structures needs at first some empirical investigations before a systematic optimization can be done. We mention here some general rules to converge towards such a pattern. First, neighboring shots should not be done consecutively to maintain a homogeneous heating of the substrate during the laser ablation process. As can be seen on Fig. 3(a) , consecutive shots are separated by 3 positions in our optimized elliptical pattern. Second, for the same reason, we set a waiting time of 1 second between two pulses. Third, the most centered shot should be done last, specially because the smoothing effect by surface tension occurs over a melted region of the mirror, which is much larger than the zone where single shot ablation occurs.
Elliptic paraboloidal micromirrors
Strongly elliptic paraboloidal structures were obtained by using shot patterns with a large ellipse radii ratio s e (typically close to 2), as the one presented on Fig. 3(a) that contains 46 shots. The shape shown on Fig. 3(b) is obtained by CO 2 laser ablation of a multimode fiber (Cu50, IVG Fiber Ltd). We use a CO 2 laser beam with a waist of 78 µm, a power of 750 mW, and single shot pulse length of 14.7 ms. We extract the two ROCs (R a = 355 µm and R b = 236 µm ) along the eigenaxes of the mirrors by using a bi-dimensional fit of the structure within a 10 µm radius around the center. By taking into account the measured 1.4 nm standard deviation of the profilometry noise, the standard deviations of the fitted ROCs are much lower than 1 µm. The eigenaxes of the mirror are aligned with the eigenaxes, noted x and y, of the elliptical shot patterns. The cuts of the profile and of the bi-dimensional fit along these axes are presented on Fig. 3(c) . The produced shape has mean absolute deviations from an elliptic paraboloid as small as 5 nm over a circular region of interest which has a diameter of 30 µm.
In order to tune the value of the mirrors geometric birefringences of different fiber types, we vary the single shot pulse length (between 14 − 21.5 ms), the ratio of the shooting ellipse radii (over the range 1.44 − 2.15) and the homothetic scaling of the shot positions. The mirror ROCs along the two eigenaxes were mostly designed to be in the range of respectively R a ∼ 350 µm and R b ∼ 250 µm and show correlated fluctuations from one fiber to another of about ±5%. By changing the pulse length and the scaling, we have tuned them from R a 250 µm and R b 170 µm up to R a 780 µm and R b 350 µm. This range was chosen according to the targeted characteristics of the cavity for our experiment which take into account the birefringent frequency splitting but also the mode waist and mode volume, the cavity stability and the mode coupling to the fibers modes. In particular, we aimed at stable cavities with length of about 100 µm and with relatively small mode volumes as required for CQED experiments. However, for other cavity geometries, the rotational asymmetry of the shape, and thus the geometric birefringence can be increased, if a large frequency splitting is needed.
Circular paraboloidal micromirrors
If nearly degenerate-mode cavities are targeted, mirrors with identical geometrical birefringence are required. To avoid extra alignment steps of mirror rotation and strongly asymmetric spatial distribution of the cavity mode, the best solution is to produce mirrors with very low geometric birefringence. However, the mirror shapes produced with a single shot technique usually show some residual asymmetry that stems from imperfections of the CO 2 laser beam (non ideal circular polarized light, astigmatism). To eliminate this effect due to the lack of symmetry of the laser beam, one method is to rotate the fiber during the ablation process [27] . Here, we compensate for it with the CO 2 dot machining method. We use a shot pattern with an ellipticity which is opposite to the ellipticity of the mirror's cross-section obtained by a single shot as shown on Fig. 4(a) . The processed fiber is Thorlabs 980HP, the CO 2 beam waist is 78 µm, the produced ROCs are around 290 µm, and the shot pattern is the same as the one of Fig. 3(d) ).
The relative difference γ =
of the ROCs of the two eigenaxes ROC when varying the pattern ellipticity are presented on Fig. 4(b) . It is directly related to the geometrical birefringence δ i by a factor
which remains approximately constant for a given cavity design. When we use the single shot technique, we obtain mirrors with γ 9%, where we have chosen the major axis to be vertical. The dot machining method with a circular pattern (s e = 1) improves γ due to the additional symmetry of the shooting pattern, but still presents a difference of about 5%. By using an elliptical shooting configuration whose major axis is orthogonal to the previous one (i.e. horizontal), we can reduce the asymmetry down to about 1.5% between the eigenaxes ROCs on average over several fibers. Some fibers in the set show a relative difference below 1%, as the one presented in Fig. 3(e,f) , paving the way for a reliable realization of degenerated polarization modes in FFP cavities. Moreover, contrary to the technique that relies on fiber rotation, this method is easily applicable to any substrate. 
Dual-wavelength operation of high-finesse FFP cavities
After producing the mirror structures, the fibers have been coated with a dual-wavelength high-reflective coating for 780 nm and 1559 nm (ion beam sputtering technique performed by Laseroptik GmbH). The choice of this coating is motivated by the specific application of our fiber cavities in the domain of CQED with neutral 87 Rb atoms. In our experiment, the TEM 00 cavity mode at 780 nm probes the 87 Rb atoms on the D2 line, while the fundamental mode at 1559 nm acts as far-off-resonance optical lattice to trap the atoms along the cavity axis, achieving identical and maximal coupling to the probe.
Two types of FFP cavities
To inject the laser light in the fiber cavities, we use single-mode (SM) fibers in order to get a stable coupling, which is one of the key advantages of FFP cavities. The coupling efficiency results then from the overlap between the out-coming mode of the fiber (approximately Gaussian) and the cavity mode. To optimize the coupling and finesse, one fiber is mounted on a 3-axis translation stage with piezo actuators, while the second fiber is mounted on a 3-axis rotation stage. We have tested two different types of FFP cavities:
1. SM-SM cavities: the 780 nm laser light is coupled into one fiber (IVG Cu800, SM from 770 nm to 1000 nm), while the 1559 nm light is coupled into the other one (IVG Cu1300, SM in the range 1250-1600 nm). These are commercial copper-coated fibers compatible with ultra-high vacuum applications. The light transmitted through the cavity at 780 nm can propagate efficiently in the SM fiber for 1559 nm, while the transmission at 1559 nm cannot be measured due to strong losses in the fiber for 780 nm.
2. Photonic crystal (PC)-Multimode (MM) cavities: both 780 nm and 1559 nm lights are injected through an "endlessly single-mode" photonic crystal fiber with large mode area (LMA-10 from NKT Photonics). This fiber is specified for single-mode operation over a large wavelength interval. To be able to use this fiber in ultra-high vacuum, we replace the original acrylate coating with a home-made polyimide coating. The transmitted light is collected through the graded-index MM fiber (IVG Cu50) with essentially 100% efficiency for both wavelengths. The large mode diameter of the PC fibers that we choose allows us to achieve a better fiber-to-cavity coupling compared to the SM-SM configuration. PCF-MM cavities are also less sensitive to misalignment and centering imperfections than the SM-SM ones, due to the large acceptance of the MM fiber.
Finesse at 780 nm and 1559 nm
To measure the resonator finesse at both wavelengths, we first align a PC-MM cavity with two slightly elliptic paraboloidal fiber mirrors. We set the major axes to be orthogonal and measure the resonator finesse at both wavelengths. We perform this measurement by scanning the resonator length with a piezoelectric actuator and measuring the linewidth of the fundamental cavity mode at 780 nm and at 1559 nm in transmission. We use the sidebands generated by an electro-optic modulator for frequency calibration. A microscope is used to measure the cavity length L with a precision of ±5 µm, from which we calculate the free spectral-range. We perform the finesse measurement for different cavity lengths within the stability region, taking care of re-optimizing the alignment at every step. The results are shown on Fig. 5 . We observe that, when the cavity length is shorter than 100 µm, the finesse stays at its maximal value of (45 ± 2)·10 3 for 780 nm and (92 ± 3)·10 3 for 1559 nm, limited by the coating properties. As the length increases between 100 µm and 200 µm, the finesse at 1559 nm drops due to the effect of the clipping losses, which start playing a major role in reducing the finesse when the size of the mode on the mirrors grows. For cavity length above 200 µm, the finesse at 780 nm starts to decrease too. The mode at 780 nm is less affected by the clipping losses than the one at 1559 nm due to its smaller mode area by about a factor 2. Fabricating regular concave structures which are large enough to avoid clipping losses for the designed cavity length is then essential to achieve high finesse; our CO 2 dot machining fabrication technique is a powerful tool in this sense, as shown in detail in [22] . The solid line is a fit using the analytical model of Eq. 5, with only one free parameter that sets the effective size of the mirrors (see main text). The effective ROCs of the mirrors are slightly different for the two wavelengths: they are extracted from the profilometry data with a spherical fit on a region that corresponds to the mode diameter for the cavity length at which clipping losses start to dominate. The values of the ROCs are: R 1x = 323 µm, R 1y = 299 µm, R 2x = 290 µm, R 2y = 321 µm for 780 nm; R 1x = 330 µm, R 1y = 301 µm, R 2x = 292 µm, R 2y = 323 µm for 1559 nm. The dashed line is a best-fit curve obtained by considering symmetric mirrors, i.e. by neglecting the astigmatism of the cavity mode.
To fit the data, we use the simple analytical model described in [2] . In this model, the cavity finesse is given by
where T is the transmission through one mirror, L A are the absorption losses of the reflective coating, and L S are the scattering losses due to the surface roughness of the mirror (these values stand for one mirror and we suppose them identical for the two mirrors).
C are the clipping losses caused by the finite size of the mirror M i . The value of T + L S + L A is determined from the finesse measurements on several short cavities, which give (70±2) ppm at 780 nm and (34±1) ppm at 1559 nm. The factor close to 2 between the losses for the two wavelengths stems from the term L S + L A which we estimate to be roughly five times larger at 780 nm than at 1559 nm (measured value at 780 nm (35±2) ppm).
To take into account the elliptic paraboloidal structure of the mirror, we extend the previous model of the clipping losses [2, 22] . We associate to each mirror an effective elliptical cross-section with principal semi-axes a i and b i and we take into account the elliptical and astigmatic spatial distribution of the cavity mode. The mirror's ellipse E(a i , b i ) sets the size of the cut-off for the cavity mode through the relation
where w i,a , w i,b are the 1/e 2 mode radii along the principal axes of of the mirror M i . Each dataset is fitted with this model, from which we deduce the effective size of the mirrors. The mode waists on the mirrors are deduced from the cavity length and from the ROCs of the fiber mirrors. They are slightly different for the two wavelengths. They are indeed extracted from the fibers profilometry data by using a bi-dimensional fit within a circular region, whose radius is the mode radius at the cavity length where clipping losses become dominant (i.e. the finesse drops to half of its maximum value). Since the fibers profile slightly deviates from an ideal elliptic paraboloid, the effective ROCs have a small dependence on the fitting region. For the measurement shown in Fig. 5 , we set the fast axes of the mirrors to be orthogonal by finding the configuration that minimizes the birefringence.
We assume that the mirror shape is an asymmetric paraboloid, truncated at ±a i and ±b i
respectively along x and y. This sets the constraint
, where R ix,y are the ROCs from the profilometry. Since our cavity is only slighlty asymmetric, it is difficult to estimate a i and b i independently with good confidence because, as remarked in [22] , larger clipping loss on one mirror can be compensated by smaller losses on the other. We thus impose the additional
, i.e. that the cutoff occurs at the same depth on both mirrors. The best fit curves give us a value of about 20 µm for the semi-axes of the elliptical cross-section describing the effective mirror size, with a difference of 1 µm between the major and minor axes. We also find a dependence of the effective size on the wavelength: the ones at 1559 nm exceed by about 2 µm the ones at 780 nm. At this distance of 20 µm from the center of the mirror, we notice on the profilometry data a deviation of about 200 nm from the ideal parabolic profile, that rapidly increases further away.
We find good agreement between the data and the model within the experimental uncertainties, which indicates that no other main sources of loss are significantly affecting the cavity. For comparison, dashed lines in Fig. 5 show the results obtained by fitting our data by considering symmetric mirrors with a ROC equal to the average of the ROCs along the two principal axes. This corresponds to the situation where we neglect the asymmetry of the cavity mode, which becomes particularly important close to the instability region. We observe that such a model fits badly with our data at 780 nm (the level of statistical significance of the best-fit is less than 0.1%, in contrast to the 25% significance level that we obtain with the elliptical model) [34] . This wavelength is indeed more sensitive, as clipping losses starts to play a significant role closer to the instability region where the mode size on the mirror has a sharper variation with the cavity length. The effect of the astigmatism of the mode cannot be neglected especially in the situation where the two major-axes of the elliptical cross-section are orthogonal, which is the configuration which minimize the frequency splitting of the polarization eigenmodes.
Large birefringent frequency splitting with asymmetric mirrors
Knowing the finesse of the cavity at both wavelengths, we can now turn to the measurement of the birefringent frequency splitting of the polarization eigenmodes at 780 nm and at 1559 nm, and verify if both sets of data can be explained using the geometrical birefringence of the cavity. In order to achieve a large frequency splitting, we use mirror shapes, as the one presented in Fig. 3(b) , which have radii of curvature of about 350 µm and 250 µm along their eigenaxes.
To measure the birefringent frequency splitting, we align a FFP cavity with two SM fibers. The resonator length is set to L (55 ± 5) µm and we rotate one of the fiber around its axis. The relatively short length facilitates the required re-optimisation of the cavity alignment after a rotation step. We observe the evolution of the absolute birefringent frequency splitting and the cavity linewidth for the two wavelengths. The birefringent frequency splitting data is shown on the inset of the Figure 6 . The difference by approximately a factor 4 in the splitting between the two data sets stems from the wavelength dependence of Eq. 2 and from the higher finesse at 1559 nm (F 1559 90 000) than at 780 nm (F 780 45 000). Figure 6 shows the geometrical birefringence ∆ c obtained by dividing the birefringent frequency splitting by the wavelength, the finesse and 2π 2 (see Eq. 2). The fact that the two sets of data are relatively close to each other confirms that the birefringent frequency splitting originates from the geometrical asymmetry of the mirrors.
The small remaining mismatch can be explained by the slight differences in the effective ROCs seen by the two wavelengths. Indeed, the effective area of the mirror seen by the cavity mode is twice larger at 1559 nm than at 780 nm. From the profilometry measurement, we calculate the geometrical birefringence of each mirror for the two wavelengths: δ 1 = 1.45(2) mm −1 , δ 2 = 1.22(2) mm −1 at 780 nm and δ 1 = 1.53(1) mm −1 , δ 2 = 1.27(1) mm −1 at 1559 nm, where the number in parentheses is the numerical value of standard uncertainty referred to the corresponding last digits of the quoted result. We can then deduce the expected cavity geometrical birefringences for the two wavelengths, which are plotted in dotted lines. When fitting with the geometrical birefringence of each mirror as parameters, we obtain a good matching of fitted curves (full lines) with the data points for the following values δ 1,f = 1.36(5) mm −1 , δ 2,f = 1.11(7) mm −1 at 780 nm and δ 1,f = 1.55(4) mm −1 , δ 2,f = 1.23(5) mm −1 at 1559 nm. The fitted geometric birefringences at 780 nm are slightly lower than the predicted values, which correspond to the small shift of the data points to lower values. We attribute the remaining mismatch to slight differences between the effective ROCs actually experienced by the cavity mode and the ones given by the fit of profilometry data in the center of the cavity. Indeed, the actual position of the cavity mode can deviate slightly from the center of the fiber while maintaining a good finesse and coupling, which were the parameters we optimized during the alignment. Thus, slight deviations of the profile from an ideal paraboloid and small variations of the mode position on the mirror lead to small differences in the effective ROCs. Nevertheless, all data points lie within a 3% uncertainty range on the ROCs given by the profilometry measurement. This confirms that the geometric birefringence of the mirrors extracted from in-situ profilometry can be used to predict the actual geometrical birefringence of the cavity, which is the key parameter that controls the birefringent splitting for a given finesse and wavelength. Our laser ablation setup with multiple pulses and profilometry allows us to realize and characterize fiber mirror shapes with sufficient precision to reach such a control and be able to tailor the birefringence properties of fiber cavities.
Conclusion
We have demonstrated how the laser dot machining method allows controlling the birefringence of fiber Fabry-Perot cavities. By defining the geometrical birefringence, we quantify the intrinsic geometric property of a mirror that leads to frequency splitting of the polarization eigenmodes. We discussed the polarization and spatial modes of the cavity in the case of asymmetric mirrors. Our laser ablation technique with multiple pulses in a precise pattern has been used to produce elliptic paraboloidal shapes on the fiber endfacets. Elliptical pulse patterns lead to strongly asymmetrical shapes with large geometric birefringences. The same method can also be used to obtain cavities with very low geometric birefringence by producing mirror shapes with very small asymmetry without rotation of the substrate thanks to optimized pulses patterns. We have realized fiber cavities that are resonant in two frequency bands separated by an octave with a specific dual-wavelength coating deposited on the machined fibers. High-finesse operation can be achieved with SM-SM and PCF-MM fiber cavities that ensure stable injection at both wavelengths. In the context of elliptic paraboloidal mirrors, the astigmatic spatial distribution of the mode needs to be taken into account to describe the clipping losses limit of long cavities. We observed geometric birefringences of a cavity at both wavelengths with identical values within the measurement precision, and consistent with the profilometry data. This result directly confirms the geometric origin of the birefringent frequency splitting of fiber Fabry-Perot cavities.
The precise control of the polarization opens new opportunities for fiber cavity applications, especially for cavity QED experiments, allowing either large frequency polarization eigenmodes splitting or degenerate mode configuration. In addition to the polarization, non-symmetric structures carved into a substrate can also be used to tailor the spatial distribution of the cavity mode. The extension of the laser dot machining technique to produce shapes beyond the simple rotational symmetry also constitutes a first step towards realization of more complex microscopic structures to engineer new types of stable optical resonators.
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